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$X=$, $\sum_{j=1}^{n}pj=1,0\leq pj\leq 1$
$X$ $S(X)$
$S(X)=- \sum_{=j1}p_{j}\log p_{j}$
. $\log=\log e$ ’Olog $0=0$ .
$n$ ( ) $p=\{p\mathrm{l}’\ldots,Pn\}$ $\Delta_{n}$ .
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$\Delta_{n}\equiv\{p=\{p_{k}\}_{k=}n\sum_{k=1}p_{k}=\iota;,pk\geq 01n\}$
. , $\Delta=$ $\Delta_{n}$ $[0,\infty)$
$S(\cdot)$ :
($\langle \mathrm{S}\rangle\rangle$ (Shannon )
$s(p)=S(p_{\iota}, \cdots,p_{n})=-\sum_{1k=}pk\log p_{k}$ .
$\langle\langle \mathrm{S}\mathrm{K}\rangle\rangle$ ( $\mathrm{S}\mathrm{h}\mathrm{a}\mathrm{n}\mathrm{n}\mathrm{o}\mathrm{n}-\mathrm{K}\mathrm{h}\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{h}_{\mathrm{I}\mathrm{n}}$ )
$\langle \mathrm{S}\mathrm{K}1\rangle S(\cdot)$ $\Delta_{n}$ , :
$\max\{S(p);p\in\Delta_{n}\}=S(1/n,\cdots,1/n)>0$ ,
$\langle \mathrm{S}\mathrm{K}2\rangle S(p_{1},\cdots,pn’ 0)=s(p_{\iota},\cdots,pn)$ ,
$\langle \mathrm{S}\mathrm{K}3\rangle S(q_{11},\cdots,q_{1}m_{1}’\cdots,q_{n}1’\cdots,qnm_{n})$
$=S(p_{1}, \cdots,pn)+\sum^{n}k=1p_{k}S(q_{k1}/p_{k},\cdots,qkm/p_{k})k$ .
, $p_{k}= \sum_{j=1}^{m}kq_{k}j>0(m_{k}\geq 2,k=1,n)$ .
$\langle\langle \mathrm{F}\rangle\rangle$ (Faddeev )
$\langle \mathrm{F}1\rangle$ $f(p)=S(P,1-p)$ $0\leq p\leq 1$ 1 $p_{\text{ } }$
$f(p_{0})>0$ ,
$\langle \mathrm{F}2\rangle(p_{1},\cdots,p_{n})\in\Delta_{n}$ $(p_{1}’,\cdots,p’n)$ :
$S(p_{1},\cdots,pn.)=s(p’’1’\cdots,p_{n})$ ,
$\langle \mathrm{F}3\rangle p_{n}=q+r,q>0,r>0$
$S(p_{1},\cdots,p_{n}-1’ q,\Gamma)=s(p1’\cdots,pn)+pnS(q/pn’ r/p_{n})$ .
$\langle\langle \mathrm{S}\mathrm{K}\rangle\rangle$ Shannon , Khinchin ,
, Faddev $\langle\langle \mathrm{F}\rangle\rangle$ .
( ) Shannon [10] (for $\langle\langle \mathrm{S}\rangle\rangle$ ), Khinchin [4] (for $\langle\langle \mathrm{S}\rangle\rangle$ , $\langle\langle \mathrm{S}\mathrm{K}\rangle\rangle$),




$logt\geq 1-t^{-1}$ $(t>0)$ ,
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$\Leftrightarrow t=1$ , $\log=\log e$ ( ) .
$2^{\mathrm{O}}$ . tlogt $\geq t-1(r\geq 0)$ ,
$\Leftrightarrow t=1$ , $\mathrm{O}\log 0=0$ ( ) .
$3^{\mathrm{O}}$ . Kullback-Leibler (K-L)
$\int_{\Omega}f(\omega)\log g(\omega)d\mu(\omega)\leq\int_{\Omega}f(\omega)\log f(\omega)d\mu(\omega)$
for $f,g\in L^{1}(\Omega)^{+},$ $||f||_{1}=||g||_{1},$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{P}f\subset \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}g$,
$\Leftrightarrow f=g(\mu-\mathrm{a}.\mathrm{e}.)$ ,




, $p_{j},q_{j}\geq 0(j=1,2,\cdots),$ $\sum^{\infty}j=1j=p\sum_{j}\infty=1q_{j}=1$ p,q







$y=1\mathrm{o}g\Delta t-(1-t^{-})\iota=\log t+t^{-1}-1(t>0)$ ,
$y’(= \frac{dy}{dt})=t^{-}-t^{-}=(t-1)t-122$ ,
$y=0\Leftrightarrow y’=0\Leftrightarrow t=1$ .
$2^{\mathrm{O}}$ . $2^{\mathrm{O}}\Leftrightarrow 1^{\mathrm{O}}$ $2^{\mathrm{O}}$ .
$3^{\mathrm{O}}$ . 2 , $\mathrm{S}\mathrm{u}\mathrm{p}\mathrm{p}f\subset \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{P}g$
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$\frac{f}{g}\log\frac{f}{g}\geq\frac{f}{g}-1$ (on $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}g$ ) (2.2)
$f\log f\geq f\log g+f-g$ $\mathrm{a}.\mathrm{e}$ . in $\Omega$ .
. $2^{\mathrm{o}}$ ,
(1.2) $\Leftrightarrow f=g$ (a e).
$4^{\mathrm{O}}$ $3^{\mathrm{O}}$ .




$\Omega$ ( $=(\Omega,\mathrm{G},\mu)$ , $3^{\mathrm{O}}$ ) Hilbert $L^{2}(\Omega)$ .
$\forall f,g\in L^{2}(\Omega)$ Schwartz 3
.
$| \int_{\Omega}\overline{f(\omega)}g(\omega)d\mu(\omega)|^{2}\leq\int|f(\omega)|d\mu(\omega)\cdot \mathrm{j}2)|g(\omega)|^{2}d\mu(\omega$ (2.3)
$|\langle f,g\rangle|\leq||f||_{2}\cdot||g||_{2}$ . (2.4)
$\Omega=(\Omega,b,\mu)$ $E(\cdot)$
$|E(\overline{f}g)|^{2}\leq|E(|f|^{2})\cdot E(|g|^{2})|$ (2.5)
. $13,5\sim 9,13,14$ ] .
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\S 3 $\mathrm{K}\mathrm{u}\mathrm{l}\mathrm{l}\mathrm{b}\mathrm{a}\mathrm{c}\mathrm{k}-\llcorner \mathrm{e}\mathrm{I}\mathrm{b}]\mathrm{e}t$ (K-L) $\backslash$. $\cdot$; $|.l\ldots$
Shannon [10] (1948 ) 5 , Kullback Leibler [5]
. , :












$S(\mathrm{p}/\mathrm{q})\geq 0.\cdot$ $\Leftrightarrow \mathrm{p}=\mathrm{q}$
$\mathrm{p}=\mathrm{q}$ $p_{j}=q_{j}(\forall j)$ .
(2.1) . , $\mathrm{p},$ $\mathrm{q}$ , $\mathrm{p},\mathrm{q}\in\Delta_{\infty}$
, $\mathrm{p},\mathrm{q}\in\Delta_{n}$ .
New Concept Kullback Leibler [5]








$\Omega=(\Omega,\mathcal{L},\mu)$ – , $K-L$ $S(\mathrm{p}/\mathrm{q})$ $\Omega$
$\Omega$ :
$AC(\Omega)\equiv$ {$\xi;\xi$ $\Omega$ , } (4.1)
$\xi,$ $\eta\in AC(\Omega)\text{ }$ (Radon-Nikodym )
:
$p_{\xi}(t) \equiv\frac{\mu(\xi^{-1}(dt))}{dt},$ $p_{\eta}(t) \equiv\frac{\mu(\eta^{-1}(df))}{dt}$ .
, (\S 3, (3.1)) :
$S( \xi/\eta)=\int_{\infty}^{\infty}p_{\xi}(t)(\log p_{\xi}(t)-\log p\eta(t))dt$ . (4.2)
$\xi,\eta$ . \S 2 $K-L$ 3 ,
:
4.1 $\xi,\eta\in AC(\Omega)$
$S(\xi/\eta)\geq 0$ ; $=0$ $\Leftrightarrow$ $p_{\xi}=p_{\eta}$ .
pair $\text{ }$ single $\xi\in AC(\Omega)$




















$\xi\in \mathcal{G}_{m,\sigma}$ , $(\mathrm{i})\sim(\mathrm{i}\mathrm{v})$ :
(i) $S(G)=- \int_{-^{p_{\xi}}}^{\infty}(t)\log pc(f)df$
(ii) $S(G)-S(\xi)=S(\xi/G)$
(iii) $S(\xi/G)=0\Leftrightarrow\xi=G$




$= \int t^{2}\mu(\xi^{1}-(dt))=\int t^{2}p(t)dt$.
, $E(\xi)=!r\cdot p_{\xi}(t)dt$
$\sigma^{2}=\int t^{2}p_{\xi}(t)df-(\int t\cdot p_{\xi}(t)dr\mathrm{I}^{\angle}$ ,
$\int p_{G}(t)(t-m)^{2}dt=\int p_{\xi}(t)(t-m)2df=\sigma^{2}$ .
$\sigma^{2}-\int p_{\xi}(t)\log pc(t)dt=!p_{\xi}(t)[\frac{1}{2}\log(2\pi\sigma^{2})+\frac{(t-m)^{2}}{2\sigma^{2}}]dt$
$= \frac{1}{2}\log(2\pi\sigma)2\frac{\sigma^{2}}{2\sigma^{2}}+$




$S(G)-S( \xi)=\int p_{\xi}(t)\log p\xi(t)dt-\int p_{c}(t)\log pG(t)dt$
$= \int p_{\xi}(t)\log p_{\xi}(t)dt-\int p_{\xi}(t)\log p_{G}(t)dt$
$=S(\xi/G)$
(iii) 4.1 , (iV) (ii) , (iii) .








$\Omega$ $\mathcal{F}=\{F_{1},F_{2},\cdots,F_{n}\}$ – ,
$F_{ij}\cap F\neq\emptyset(i\neq j)$ , $F_{j}=\Omega,,$ $\mathcal{F}\subset \mathrm{G}$
$j=1$
,




$GK\mathrm{Y}-$ . , ,
.
5.1 ( $GK\mathrm{Y}$ ) $(\Omega,L)$ $\mu,v$
, (i) (ii) :
(i) $\mu<<V$ ( )
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$s( \mu/\mathcal{V})=\int_{\Omega}(\frac{d\mu}{dv}\log^{\frac{d\mu}{dv}\mathrm{I}\cdot()v}dv=\int\Omega\log\frac{d\mu}{dv}d$
(ii) $\mu*v$ $S(\mu/v)=+\infty$ .
Kallianpour [2] , [14], . [15]
. .
\S 6. $-$
5 $A,$ $B$ . $A,$ $B$ Quantum-Stafistical
Operators, i.e., $A,$ $B$ Hilbelt $\mathcal{H}$ (i.e., $A,B.\geq.0$. )
trace 1 $(:\mathrm{T}\mathrm{r}(A)=\mathrm{T}\mathrm{r}(B)=1)$ [7], [8], [11]. $A,$ $B$ von
Neumann-Schatten ([11])
$A= \sum_{j=1}^{\infty}\alpha\otimes_{\overline{X}_{j}}j^{X}j\iota’\dot{B}\backslash =\sum\beta_{k}\mathcal{Y}k[eggx]\overline{y}k\infty=1k$ (6.1)
$Ax_{j}=\alpha_{j}x_{j}$ and $By_{k}=\beta_{k}y_{k}$ $(\forall j,k)$
$\sum\alpha_{j}=\sum\beta k=1$ , $\alpha_{j}\downarrow 0,\beta_{k}\downarrow 0$
(
$\alpha_{j}$
$A$ , $x_{j}$ , $\beta_{k},y_{k}$ ) .
$\{x_{j}\},\{\mathcal{Y}k\}$ CONS in $\mathcal{H}$ .
6.1 2 :
$A$ : $S(A)=-\mathrm{T}\mathrm{r}(A\log A)$
$A$ $B$ (or $A,B$ ) :
$S(A/B)=\mathrm{T}\mathrm{r}(A\log A-A\log B)$
Remark. $S(A)$ von Neumann [8] introduce , $S(A/B)$
$K-L$ Umegaki [121, [131 , – von
Neumann Algebras .
6.1 .
(1 O) $S(A)=- \sum_{j}\alpha\log\alpha_{j}j$
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$= \sum_{j,k}(\alpha\log j)\alpha_{k}\langle Xj’ x_{k}\rangle\chi_{j}\otimes\overline{x}_{k^{-}}$
$= \sum_{j}(\alpha_{j}\log\alpha_{j})x\otimes\overline{x}_{j}j$ (6.2)




$= \sum_{j,k}(\alpha_{j}1\mathrm{o}g\beta_{k})\langle X_{j},\mathcal{Y}_{k}\rangle Xj\otimes\overline{\mathcal{Y}}_{k}$
$\mathrm{T}\mathrm{r}(A\log B)=\sum_{j,k}(\alpha_{j}\log\beta_{k})\langle Xj’ y_{k})\mathrm{T}\mathrm{r}(X_{j}[eggx]\overline{\mathcal{Y}}_{k})$
$= \sum_{j,k}\alpha_{j}|\langle X_{j},y_{k})|21\mathrm{o}g\beta_{k}$ (6.3)
.. $S(A/B)=\mathrm{T}\mathrm{r}(A\log A-A\log B)$ ‘
$= \sum_{j,k}\alpha_{j}|\langle X_{j},yk\rangle|^{2}(\log\alpha-j\log\beta k)$ (6.4)
(Q.E.D.)
6.2 $A,B$ $(1^{\mathrm{O}})\sim(4^{\mathrm{O}})$ :
(1 O) $S(A)\geq 0$,
$(2^{\mathrm{O}})$
$S(A)=0\Leftrightarrow A=x_{j_{0}}\otimes\overline{x}_{j_{0}}$ for $\mathrm{s}\mathrm{o}\mathrm{m}\mathrm{e}j0$ ’
$(3^{\mathrm{O}})$ $S(A/B)\geq 0$ ,
$(4^{\mathrm{O}})$ $S(A/B)=0\Leftrightarrow A=B$ .
$(1^{\mathrm{o}})$ is clear ; $(2^{\mathrm{O}})S(A)=0$
$\Leftrightarrow\exists j_{0}$ : $\alpha_{j_{0}}=1,\alpha_{j}=0(\forall j\neq j_{\text{ }})$
$\Leftrightarrow A=.\chi_{j_{0}}\otimes\overline{\chi}_{j\mathrm{o}}$ ;
$(3^{\mathrm{O}})$ (6.3), (6.4) $=-$:
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$S(A/B)= \sum_{j}\alpha_{j}\log\alpha-j\sum j\alpha_{j}(\sum|\langle\chi_{j},yk\rangle|^{2}\log\beta k)k$
$\geq\sum_{j}\alpha_{j}\log\alpha_{j}-\sum_{j}\alpha_{j}(\log\sum\beta k|\langle X_{jk},y\rangle|^{2})k$
(
$\sum_{j}|\langle x_{j},y_{k}\rangle|^{2}=1$ $\log$ )
$= \sum_{j}\alpha_{j}1\mathrm{o}g\alpha-j\sum\alpha_{j}\log\langle xB_{X_{j}\rangle}j$’
$= \sum\alpha_{j}1\mathrm{o}g(\alpha j/\langle x_{j’ j}Bx\rangle)$
$= \sum\langle X_{j},BX_{j}\rangle(\frac{\alpha_{j}}{\langle x_{j},Bx_{j}\rangle}\log\frac{\alpha_{j}}{\langle x_{j},BX_{j}\rangle})$
tlogt $\geq t-1(t>0)$
$\geq\sum\langle x_{j},B_{X}\rangle j(\frac{\alpha_{j}}{\langle x_{j},B_{X_{j}}\rangle}-11$
$= \sum\alpha_{j}-\sum\langle xB_{X}\rangle j’ j=1-1=0$ (6.5)
.. (3) .
$(4^{\mathrm{O}})$ (6.5) series
$\sum_{j}\alpha_{j}(1\mathrm{o}g\sum\beta_{k}|\langle\chi,\mathcal{Y}jk)|2)\geq\sum\alpha j(j\beta\sum_{k}|\langle x\mathcal{Y}j’ k\rangle|^{2}1\mathrm{o}gk)$ (6.6)
.. $S(A/B)=0\Rightarrow$ (6.6)
. $\cdot$.log$( \sum_{k}\beta k|\langle X_{j},y_{k}\rangle|2)=\sum_{k}|\langle X,\mathcal{Y}\rangle|^{2}\mathrm{l}jk\mathrm{g}\beta \mathrm{o}k$ $(\forall j)$
.. $\forall j\exists k_{j}$ and const $\gamma_{j}$ ; $x_{j}=\gamma_{j}y_{k_{j}},|\gamma_{j}|=1$
. $\cdot$. $A=B$.





.Hamiltonian $H$ . $$ .
:
$\beta=\frac{1}{kT}$ $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}^{\mathrm{n}}$ $\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t})$
$e^{-\beta H}$ trace
$\mathcal{G}=\frac{1}{\mathrm{T}\mathrm{r}(e^{-\rho})H}e^{-\beta H}$







$B\in \mathrm{Q}_{H}$ , (i)
$\sim(\mathrm{i}\mathrm{v})$ :
(i) $S(\mathcal{G})=-\mathrm{T}\mathrm{r}(B\log \mathcal{G})$ ,
(ii) $S(\mathcal{G})-s(B)=s(B/\mathcal{G})\geq 0$,
(iii) $S(\mathcal{G}/B)=0\Leftrightarrow S(B/\mathcal{G})=0\Leftrightarrow B=\mathcal{G}$,
(iv) – $B_{0}\in \mathrm{Q}_{H}$
$S(B_{0})= \max\{S(B);B\in \mathrm{Q}_{H}\}\Leftrightarrow B_{0}=\mathcal{G}_{0}$
(i) : $\mathrm{T}\mathrm{r}(\mathcal{G}\log \mathcal{G}-.=)=\mathrm{T}\mathrm{r}(^{-}e\beta H/\mathrm{T}\mathrm{r}(e^{-}\beta H))\log(e^{-\beta}/H\mathrm{T}\mathrm{r}(e)-\beta H)$
$=\mathrm{T}\mathrm{r}((e^{-}\rho_{H}/\mathrm{T}\mathrm{r}(e^{-}\beta H)))(-\beta H-\log(\mathrm{T}\mathrm{r}(e^{-}\rho H)))$
$=-\mathrm{T}\mathrm{r}(e-\beta H\mathrm{I}-1\mathrm{r}\mathrm{T}\langle e\beta-H(\beta H+\log \mathrm{T}\mathrm{r}(e^{-})\beta H\mathrm{I})$
$=-\mathrm{T}\mathrm{r}(e^{-\beta}H)-1(\beta\Gamma \mathrm{r}(e^{-\beta}\cdot HH)+\mathrm{T}\mathrm{r}(e^{-\beta}H\log \mathrm{T}\mathrm{r}(e)-\beta H\mathrm{I})$
$=-\beta \mathrm{r}\mathrm{r}(e-\beta H)^{-1}\mathrm{T}\mathrm{r}(e-\rho_{H}.H)-\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{T}\mathrm{r}(e^{-})\beta H$
$=-\beta \mathrm{r}_{\mathrm{r}}(\mathcal{G}H)-\log \mathrm{T}\mathrm{r}(e-\beta H)$
$=-\beta\Gamma \mathrm{r}(BH)-\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{T}\mathrm{r}(e-\beta H)$
$=-\mathrm{T}\mathrm{r}(B(\beta H))-\mathrm{T}\mathrm{r}(B)\log \mathrm{T}\mathrm{r}(e-\beta H)$








(iii) 6.2 , (iv) , .
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